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ABSTRACT: Considering the adsorption of counterions on an isolated polyelectrolyte (PE) chain andusing
a variational theory, phase boundaries and the critical point for the first-order coil-globule transition are
calculated. The transition is induced cooperatively by counterion adsorption and chain conformations, and
the calculation is done self-consistently. The size of the PE chain is a single-valued function of charge. The
discontinuous transition of the coil size is accompanied by a discontinuous transition of the charge. Phase
boundaries for the coil-globule transitions induced by both Coulomb strength (inverse temperature or
dielectric constant) and ionic strength (salt) show that the PE chain collapses at a substantially lower
Coulomb strength in the presence of salt. In the expanded state of the coil, an analytical formula is derived
for the effective charge of the chain for conditions where the coupling between chain conformations and
counterion adsorption is weak. In general, the dielectric heterogeneity of the solvent close to the polymer
backbone is found to play a crucial role in the charge regularization and the chain collapse.

I. Introduction

The net charge of a polyelectrolyte (PE) chain in salty aqueous
solutions is the most fundamental albeit elusive entity faced in
systems containing charged polymers. The various manifesta-
tions of the charged nature of the polymer, whether m-RNA, ss-
or ds-DNA, proteins, polysaccharides, or synthetic analogues
such as polystyrenesulfonates, and the ways in which they fold
conformationally andmove in solutions depend crucially on their
effective charge determined by the degree of dissociation of the
charged groups. These conformational fluctuations of PE chains
under external stimuli such as temperature, solvent quality, pull-
ing force, or salt are of critical importance to numerous biological
and synthetic processes. In addition, the net effective charge of PE
chains, its significance in various contexts such as conductivity
measurements or titration curve experiments, and related con-
cepts of strong and weak polyelectrolytes (or quenched and
annealed PE, respectively) continue to pose complexity in the
understanding of phase behaviors in PE systems. Study of the
effective charge, size of the polymer, and their mutual depen-
dency in polyelectrolyte systems is thus important both from
fundamental and applied points of view.

In generic conditions, a charged chain (PE) in a good solvent
assumes dimensions much larger1-5 than an uncharged self-
avoiding-walk (SAW) chain due to the electrostatic repulsion
between like-charged monomers. This repulsive force resists the
collapse of the PE in a poor solvent, but only up to a certain
degree of hydrophobicity, beyond which it shrinks to dimensions
way below the Gaussian value,6-9 similar to neutral chains.
Additionally, the PE always has itscounterions some of which
adsorb (i.e., condense) on the monomers and modulate the effec-
tive charge depending on the ambient conditions. When the net
charge is reduced due to counterion adsorption, the electrostatic
resistance to polymer collapse decreases, causing an easier col-
lapse. Therefore, in generic circumstances a self-consistent pro-
cedure is necessitated to calculate the size and the effective charge
of the PE molecule. The net charge results from an optimization
between electrostatic binding energy and translational entropy,
and, depending on the physical conditions, it may or may not be

sensitively dependent on the polymer size. It is also worthwhile to
explore conditions at which the coupling between the charge and
the size of a polymermay turn out to be notmutual (for example,
size depends on charge but not the other way around, or vice
versa).

A number of theories10-15 addressed the size dependency of
a PE chain (or a PE gel16) on its effective charge, which is taken as
a fixed parameter independent of its size. As discussed above, a
fixed finite charge is incompatible to a collapsed PE chain as it
leads to a considerable electrostatic repulsive energy penalty. The
first model17-19 that attempted at a self-consistent calculation of
the size and charge of isolated PE chains assumed a partitioning
of the dissociated (free) ions into two domains;one within and
the other outside the radius of gyration (Rg) of the PE;rendering
it to be a three-statemodel.However, the conformational entropy
of the chain and its changes with experimental conditions were
not included.Concurrently, a variable PE chargewas addressed20

within the Oosawa model assuming rod-like chains which, how-
ever, do not represent flexible polymers with appropriate con-
formational changes. Earlier, a variational theory21 had analyzed
the collapse due to counterion correlations in good solvents, but
failed to include the counterion adsorption effects which are
required to address the experimental trends in the expanded state.
The mechanism of correlation induced collapse in this theory
dealing with good solvents differs significantly to that in a poor
solvent, in which the collapse occurs due to hydrophobic effects.
Furthermore, this theory predicted an expansionof the coil with a
decrease in temperature, just before it collapses into a globule.
This prediction is not supported by experiments. A very recent
computer simulation22 has predicted the degree of ionization to
increase with the salt concentration, which is in stark contra-
diction to previous1-4 results. Neglect of the entropy of both free
counterions and the polymer chain have possibly led to this
anomaly. It is therefore evident that a theory that captures
faithfully counterion adsorption, intrachain electrostatic repul-
sion, and polymer conformational changes in a self-consistent
way is desirable. Poor solvent conditions are expected to lend
further complexities.

Experiments23-28 and simulations29,30 have indisputably demon-
strated that aPE chain at a specific poorness of the solvent collapses
to a globule. However, the stability of a plausible intermediate
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pearl-necklace phase,31-39 made of globules and elongated chain
parts coexisting in a single chain, remains a controversial29,30

issue. It is still unanswered whether experimentally observed
pearl-necklace structures35,36 are stable phases orkinetically
trapped configurations. Simulations with explicit solvent fail to
find29,30 stable pearl-necklace structures. It is evident that if a
collapsed globule collects all its counterions to minimize its
charge, the necklace structure will be absent. Therefore, it is
imperative to understand what dictates the degree of counterion
adsorption both in the expanded and collapsed states of a PE
chain.

In this article, we present a theory which addresses the co-
operativity of the counterion adsorption and solvent poorness.
By self-consistently considering the counterion adsorption and
chain conformations,5,40 with the use of a double minimization
(over the degree of ionization and the coil size) procedure, we first
provide numerical results for the coil-globule transition of a
flexible polyelectrolyte chain. The key feature of the calculated
phase boundaries for the coil-globule transition is that the
collection of counterions by the collapsing polymer occurs in
tandem with the polymer collapse and that there is a unique
mapping between the effective charge and the average coil size.
Our theory emphasizes that for the general situation of polyelec-
trolyte chains in polar media, with or without salt, it is crucial to
simultaneously account for the dissociation equilibrium (between
the ionized monomer and the ion-pair formed on the monomer)
and the local dielectric constant mediating this equilibrium.
Within this concept, the difference between “quenched”41

(in which the overall charge in the chain is fixed) and “annealed”
(charge is variable) polyelectrolytes ceases to exist, especially in
the aqueous solvents, due to an unavoidable occurrence of
counterion adsorption. Another important feature of our analy-
sis is that the temperature controls both the solvent quality and
the Coulomb strength concurrently.

The theory presented here is a generalization of the original
theory5 to deal with the coil-globule transition of the chain in a
poor solvent by including an additional three-body term in the
free energy of the chain, in order to stabilize the hydrophobic
collapse. Our treatment is distinct from other approaches repor-
ted in the literature as follows. In contrast to the previous model
with self-consistent minimization,17-19 our model considers the
variational chain free energy, which explicitly accounts for the
entropic part of the chain fluctuations and describes the electro-
static energy due to the repulsion among monomers more
accurately. The difference between the present theory and the
apparently similar variational analysis21 is that our theory
addresses polyelectrolyte collapse in poor solvents and includes
the effect of counterion adsorption. As is evident from the
discussion below, incorporation of ionization equilibriamediated
by the local dielectric function leads to significantly different
results from the case21 of polymer collapse in good solvents with
uniform dielectric constant. Another early treatment41 consi-
deredminimization of free energywith respect to only the charge,
but missed the coupling with polymer conformations. Finally,
our model is fundamentally different from the Manning con-
densation theory.42,43Our self-consistentmethod is applicable for
flexible polymers, and it accounts for the interplay between chain
conformations and counterion adsorption, as well as for the
“oily” chemical nature of the polymer backbone.

On the basis of the numerical calculations, we have followed
the quantitative details of different contributions to the free
energy arising fromchain entropy, counterion adsorption energy,
translational entropy of small ions, and fluctuations of small ion
density distributions at different conditions. This effort was
undertaken in order to possibly derive analytical expressions
for the effective charge and the polymer size as the coil-globule
transition is takingplace. It turns out that all of these contributing

terms contributemore or less equally near the critical point and in
the transition region, signaling the importance of the coupling
between the charge and chain conformations. However, for
conditions away from the coil-globule transition and in the
swollen state, the free energy contribution from chain conforma-
tions becomes smaller than the other contributions. This has
enabled a derivation of an analytical formula for the effective
charge of a swollen polyelectrolyte chain as a function of the
various parameters of the system. This analytical expression for
the effective charge is in good agreement with the numerical
results for a surprisingly wide range of physical conditions, as
long as the chain is swollen. This simplification breaks down as
the transition is approached, necessitating the numerical compu-
tation of the phase boundaries by considering the cooperativity
among the counterion adsorption and polymer conformations.

As summarized above, there have been several theoretical
papers devoted to the collapse of a polyelectrolyte chain. The
new feature of the present work is the self-consistent calculation
of the synergistic cooperativity between polymer conformations
and counterionadsorption. Thepolymer charge is allowed to self-
regulate. In our model, the equilibrium of counterion adsorption
ismediated by themismatch between the local and bulk dielectric
constants, translational entropy of the dissociated counterions
and polymer conformations. The main result is the simultaneous
occurrence of discontinuous polymer collapse and counterion
adsorption, which control each other mutually.

II. Theory

The total free energy of the system consisting of an isolated
flexible PE chain with ionizable monomers, counterions, and the
added salt ions (all monovalent) in high dilution is taken to be5
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with the contributions being due to, respectively, the entropy of
mobility along the chain backbone of adsorbed counterions (F1),
the translational entropy of the mobile ions (F2) (including both
free counterions from the polymer and the salt ions), fluctuations
in densities of all mobile ions (F3, as in the Debye-H€uckel
theory), adsorption (Coulomb) energy of the bound counter-
ion-monomer pairs (F4), and the free energy of the chain40 (F5)
resulting from its connectivity (conformational entropy) (first
term in F5), the two-body interaction (second term in F5), three-
body interaction (third term in F5), and screened electrostatic
interactions between chargedmonomers (fourth term inF5).Here
fm � Nc/N, R � M/N, with N,Nc and M being the numbers,
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respectively, of monomers, of ionizable monomers, and of
adsorbed counterions, kB the Boltzmann constant, and T the
absolute temperature. ~cs� csl0

3� nsl0
3/Ω, and ~F� Fl03 �Nl0

3/Ω
with ns, l0, and Ω being, respectively, the number of salt cations,
the Kuhn step length (length of a monomer for a fully flexible
polymer), and the volume of the system.

~K ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4π~lBf~Fðfm -RÞ þ 2~c

q
sg ð2:2Þ

is the dimensionless inverse Debye length, where κ~ = κl0. The
dielectric mismatch parameter δ is defined as δ=(εl0/εld) with εl,
and d being, respectively, the local dielectric constant,5,44-46 and
the ion-pair separation. Furthermore, ÆR2æ=Nll1�Nl2~l1=6Rg

2

with, ~l1=l1/l, the effective expansion factor
5,40 and f� (Nc-M)/

N= fm - R, the effective charge fraction. Θ0(a) =
2/15(a , 1),

1/3a(a. 1) is a crossover function5,40 of a� κ~2N~l1/6. The effect of
ion-pairs5 that reduces the two-body interaction parameter only
slightly without significantly affecting the phase boundaries is
ignored in this paper.

We further define a dimensionless reduced temperature47 t as

t ¼ 1

4π~lB
ð2:3Þ

with

~lB ¼ e2

4πεε0l0kBT
ð2:4Þ

as the dimensionless Bjerrum length which contains the informa-
tion on the dielectric constant of the solvent, the absolute
temperature, and the Kuhn step length. Here, e, ε0, and ε are
the electron charge, vacuum permittivity, and the solvent di-
electric constant, respectively. The two-body interaction para-
meter w is related to the chemical mismatch parameter χ through
w=1 - 2χ, and χ is defined as47

χ ¼ aχ

20πt
ð2:5Þ

where aχ is a chemical mismatch coefficient. Therefore, using eqs
2.3 and 2.5

w ¼ 1-
Θt

T
ð2:6Þ

where, using eq 2.5,

Θt ¼ aχe
2

10πεε0l0kB
ð2:7Þ

The chemical mismatch coefficient aχ can thus be related to the
theta temperatureΘt used in gel physics

48 using eq 2.7. The three-
body interaction parameterw3 is related to chain stiffness

49 and is
taken as temperature-independent. A dimensionless reduced
temperature allows one to describe the phase transition in general
terms,which include solvents with varying dielectric constant and
temperature. The unique feature of the present calculation is to
take temperature (or the reduced temperature t) as the only
independent variable, thus rendering w and lB as dependent
functions through, respectively, the relations w=1 - aχ/(10πt),
and ~lB=1/4πt. Correspondingly, the theta-temperature (atwhich
w vanishes) and the dielectric constant of the solvent (~lB being
inversely proportional to the product of temperature and di-
electric constant) form the reference variables in experiments in
which temperature is varied. The calculated phase diagrams
given below are thus representations of phase transitions with

the chemical mismatch coefficient aχ as the reference variable,
and the reduced temperature t a general experimental variable.
A special case of this general analysis would be to consider a
polymer of typeNaPSS inwater.We take this type as a uniformly
charged flexible polyelectrolyte in polar solvents like water. It is
evident that collapse is unlikely for polyelectrolyte chains of type
NaPSS in dilute solutions of water at room temperature (t =
0.02653) without additional salt, but is possible28 in a solventwith
much lower dielectric constant (which reduces t at a fixed
absolute temperature).

The above choice of the parameter χ (eq 2.5) is only to illustrate
the general nature that χ and lB are interdependent and that when
the temperature is changed both χ and lB change. Other choices
for χ may be made that are appropriate for the particular
polymer-solvent systems. It appears superficially from the
definition of lB (eq 2.4) that a decrease in ε is equivalent to a
reduction in temperature. In reality, specifically for aqueous
systems, the dielectric constant itself depends on temperature
and as a consequence the product of dielectric constant and
temperature is only weakly dependent on temperature. Further-
more, due to the appearance of temperature in the definition of
χ (without dielectric constant) and in the definition of lB (with
dielectric constant), the temperature-dependent ε and tempera-
ture influence the polymer collapse separately.

III. Results and Discussion

Generally, F= ΣiFi must be minimized self-consistently with
respect to both f and ~l1 to obtain the equilibrium values of the
variables. Minimization of the free energy in the presence of
multiple terms is most often difficult to perform analytically, and
numerical solutions remain the only option. The degree of
variation of the individual terms with the minimizing variables
rather than their absolute weights is the determining factor.
Therefore, we have minimized the total free energy (sum of all
five components) numerically with respect to both variables
(f and l1). To gain insight into the collapse transition process in
which the minimum free energies of the collapsed and expanded
states are equated, we have plotted the total free energy (F/NkBT)
as a function of the effective degree of ionization (f) and the
expansion factor (~l1) of the chain at a condition close to a collapse
transition (Figure 1). The twominima correspond to f, ~l1=0.017,
0.12 (the collapsed state) and f, ~l1 = 0.10, 15.03 (the expanded
state), respectively. Parts a and b represent 3d surface plots
whereas parts c-e represent 2d plots of F as a function of either
f or ~l1. In part a, twominima are evident, although the sharp jump
in F close to the collapse minimum, shown in detail in part b, is
ignored for clarity. In the 2d plots, F is plotted against either f or
~l1 keeping the other variable fixed at its value at the collapsed
chain minimum (black) and extended chain minimum (red),
respectively. The value of ~l1 for the extended minimum is obtai-
ned numerically and is represented by a star in part d. In part e,
part of part d is magnified to show the free energy minimum
corresponding to the collapsed state. So there are indeed two
minima in the free energy with slightly different values at
conditions close to a collapse transition, and small changes in
the external parameters make either of them slightly lower
leading to a transition either way. As closed-form analytical
expressions for f and ~l1 are always desirable, we have analyzed the
numerical values of the various contributions to the free energy in
an effort to obtain simpler formulas. The numerical results and
the approximate analytical formulas are presented in the follow-
ing subsections. As shown below, while analytical formulas, with
good agreement with numerical results, can be obtained for
swollen coils away from the coil-globule transition, it turns out
to be necessary to perform numerical computation to adequately
capture the cooperative coupling among the counterion adsorp-
tion and shrinkage of coil size.
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A. Numerical Results.On the basis of the total free energy
at the optimum values of f and l1, we have calculated the
conditions for coexistence of the globular and coil states by
stipulating that the total free energy of the system in these
two states are the same. The coexistence curve and the critical
point for the Coulomb-strength-induced (such as lower
temperature or dielectric constant) collapse of a fully ioni-
zable chain in salt-free solutions are presented in Figure 2.
The PE chain is expanded (high values of ~l1) due to inter-
monomer electrostatic repulsion at higher values of the
reduced temperature, i.e, for lower Coulomb strengths. At
these values of t, the effective charge is high enough to
maintain this repulsion which resists the collapse in a poor
solvent (note, for aχ=10/9 the solvent is poor if t<0.0354).
As the Coulomb strength is increased with lower values of t,
counterions condense to reduce the effective charge. At a
certain value of f corresponding to a specificCoulomb strength,
the electrostatic repulsion becomes weak enough to allow a
collapse. Once the collapse occurs, the chain collects the coun-
terions to reduce its effective charge. The value for t at col-
lapse decreases with an increasing w3 culminating at the
critical point at which t* = 0.01634, w3* = 8.5, ~l1* = 2.3,

f*=0.020, and from t*, we get ~l1*=4.867,w*=- 1.164. For
the special case of NaPSS in water, the Bjerrum length at
room temperature (300 K) is∼0.75 nm, the Kuhn length (l0)
is ∼0.25 nm, and the dielectric constant ε=80 resulting in
~lB=900/T andΘt=400K. ThenT*=184.9Kwhich implies
an expanded chain conformation at room temperature at
which t=0.02653 (assuming reasonable values of w3).

As evident in Figure 2, the phase boundaries of the charge
(f) and size (~l1) are similar. There can not be a coexistence of
expanded and collapsed states for the same effective charge
of the chain. In other words, at equilibrium the chain can have
only one size for one value of its effective charge. Further, the
critical size of a fully ionizable chain at salt free conditions
is larger than its Gaussian value (~l1 = 1) due to intrachain
electrostatic repulsion, whereas for a neutral chain it is
smaller (~l1*=0.45<1).Gradual reduction of the ionizability
(fm) leads to an increasing critical temperature and a decreas-
ing critical size, for which the neutral chain values9 are
recovered for fm =0. The phase boundary clearly suggests
that counterion condensation and chain collapse are mutu-
ally cooperative processes in the case of a varying Coulomb
strength. Lowering temperature in the expanded state helps

Figure 1. Plot of the total free energy (F/NkBT) vs the effective degree of ionization (f) and the expansion factor (~l1) close to a collapse transition. The
two minima correspond to f, ~l1 = 0.017, 0.12 (the collapsed state) and f, ~l1 = 0.10, 15.03 (the expanded state), respectively. Parts a and b represent 3d
surface plots whereas parts c-e represent 2d plots. In part a, two minima are evident, although the sharp jump in F close to the collapse minimum,
shown in detail in part b, is ignored for clarity. In the 2d plots,F is plotted against either f or ~l1 keeping the other variable fixed at its value at the collapse
minimum (black) and extended minimum (red), respectively. Note, The value of ~l1 for the extendedminimum is obtained numerically and represented
by a star in part d. In part e, part of part d is magnified to show the collapse minimum.
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counterion adsorption which reduces the effective charge
and hence the resistance to collapse. The collapse finally
takes place when the hydrophobic effects overcome electro-
static repulsion. Within the collapsed globule, charge be-
comes negligible with rampant counterion adsorption that
minimizes the electrostatic energy penalty resulting from
intermonomer electrostatic repulsion. In this process, chain
shrinkage is induced by both hydrophobicity (aχ) and in-
creasing Coulomb strength (lB, through ε and T). It is to be
noted that only aχ is altered (for the mixture of 1-propanol
and 2-pentanone containing quarternized poly(2-vinyl-
pyridine)) in effecting the coil-globule transition keeping
the Coulomb strength fixed in ref 28. Similar measurements
of size and ionic conductivity as the temperature is varied
would further validate the major concepts presented in this
article. Noteworthy is that this mechanism of collapse due to
hydrophobic phase-separation is in contrast with the col-
lapse in good solvents3,4,21 due to counterion correlations. In
addition to the system being on the other side of the Flory
temperature, the good solvent model21 does not account for
counterion adsorption which plays the major role of charge-
regularization in our theory.

It is to be noted that our theoreticalmodel does not predict
the collapse transition to be continuous with increasing
values of N. With fixed N, at decreasing values of the
three-body parameter w3 the transition becomes ’more dis-
continuous’ in the sense that the jump in ~l1 increases (see both
Figure2and3).Onenotes that [eq3.2] ~l1 goes as (w3/|w|)

2/3N-1/3

or with (w3
2/N)1/3. Therefore, with increasing values ofN the

expansion factor ~l1 becomes progressively smaller, whereas
~l1 for the expanded chain (in the adiabatic limit) becomes
progressively larger (verified numerically). Therefore, the
jump for ~l1 actually increases with N.

In Figure 3, we present the phase boundaries for the ionic
strength (salt) induced collapse of a fully ionizable PE at t=
0.02653, at which the solvent is poor (note, aχ=10/9). This
shows that a room temperature collapse of a polymer of type
NaPSS in water is possible (for NaPSS in water, at T=300K,
t=0.02653) in the presence of salt but unlikely at salt-free
conditions (Figure 2) unlesssolvent poorness is drastically
enhanced28 or the dielectric constant is substantially re-
duced. There are remarkable qualitative similarities between
the salt and temperature induced collapse transitions. In the
presence of salt, themonomer-monomer repulsion becomes
weaker even at the same degree of ionization. In addition,
salt induces more counterion adsorption5 which reduces f.
Therefore, in the presence of salt, the overall resisting force
that prevents the collapse becomes substantially weaker.
This phenomenon is manifest in Figure 3. The critical points
obtained are: ~cs1* = 0.00305, w3* = 0.46,~l1* = 0.9, and f* =
0.051. A higher value of the critical charge compared to the
salt-free case (Figure 1) is not surprising, as with salt the
repulsion becomes weaker for the same f.

One finally notes that computer simulations31-39 ignore
the dielectric heterogeneity present in real experimental
polymeric systems. The equivalent in our theory is choosing
a low value of δ for which the counterion adsorption is less
than substantial and thus raising the possibility of a neck-
lace-like structure. Experiments,28 however, indicate rough

Figure 2. Coulomb strength (inverse temperature or dielectric cons-
tant) induced collapse, phase boundaries for the chain charge and size,
and the critical point of a fully ionizable polyelectrolyte chain at salt-free
conditions. Fixed parameters are: N = 1000, ~F = 0.0005, δ = 3.0,
Ionizability fm = 1.0, aχ = 10/9, and ~cs1 = 0.0. Critical values are:
t*=0.01634 (therefore, ~lB*=4.867 and w*=-1.164), w3*=8.5, ~l1*=
2.3, f *=0.020. For the special case of NaPSS in water, ~lB=900/T and
Θt = 400 K. Then T * = 184.9K implying expanded chain at room
temperature. Dotted curves are the analytical result [eq 3.1] in the
expanded state.

Figure 3. Ionic strength (salt) induced collapse of a fully ionizable
polyelectrolyte chain. Fixed parameters are:N=1000, ~F=0.0005, δ=
3:0, Ionizability fm=1.0, aχ=10/9, t=0.02653, and therefore, ~lB=3.0,
and w=-0.333. Critical values are: ~cs1* =0.00305, w3*=0.46, ~l1*=0.9,
and f*=0.051. For the special case of NaPSS in water, ~lB=900/T and
Θt = 400 K. Then T=300 K, implying a possible collapse at room
temperature. Dotted curves are the analytical result [eq 3.1] in the
expanded state.
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spherical objects with substantial incorporation of counter-
ions within them, as predicted by our model. It must be
remarked, however, that the theory employed in this work is
based on a uniform expansion model, and it is beyond the
scope of the current work to address the issue of the surface
tension for a counterion adsorption model of necklace
structures. The necklace-globule regime exists both in com-
puter simulations and scaling models for a relatively narrow
range of parameters. Although it is predictable that the
regime will be narrower if one allows the counterions to
adsorb (which reduces the overall charge the presence of
which creates the necklace in the first place), it remains an
open questionwhether the necklace structure will completely
disappear in a theoretical analysis.

B. Approximate Formulas. In our efforts to simplify the
numerical work and obtain insight into the relative strengths
of the various contributing factors, we consider a few
analytically tractable limits, namely the expanded chain,
the collapsed chain, and the collapse condition.

1. The Expanded Chains.We first note that f features in F5

only in the fourth term that describes the long-range electro-
static interactions between charged monomers. However,
especially in extended chain configurations, the adsorption
energy (F4) related to the short-range ion-pair electrostatics
is more significant than F5, and shows a greater variation
with f in most conditions. In salty solutions for the polyelec-
trolyte chain, we notice that at low salt both the logarithmic
and the linear terms in F2 will dominate the f3/2 term in F3,
and at high salt the variation of F3 with f is negligible.
A meticulous numerical analysis confirms the validity of
the above analysis lending support to ignore the F5 terms in
comparison to the first four terms in the free energy in
determining f. Thus, we make an adiabatic approximation
in which the chain free energy (F5) is decoupled from the rest
and Fad= F1 þ F2 þ F4 are the relevant contributions that
determine the effective charge f in the expanded chain.
Within this adiabatic approximation, therefore, Fad does
not contain the expansion factor and we can minimize over
only R to obtain the effective charge. ∂Fad/∂R=0 gives us,
using f= fm - R

f ¼
-ð~cs þ e-δ~lBÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð~cs þ e-δ~lBÞ2 þ 4~Ffme-δ~lB

q
2~F

ð3:1Þ

(fm = 1 for a fully ionizable chain). This equation is an
explicit closed-form analytical expression for the effective
charge, as a function of the monomer density, maximum
ionizability, salt concentration, the Bjerrum length (tempe-
rature and the bulk dielectric constant), and the dielectric
mismatch parameter δ. δ= C2εl0 has a nonuniversal con-
stant C2 = (εld)

-1, which can be determined from experi-
ments using eq 3.1. Further, the contributions to Fad only
depend on the number of ionizable monomers inside a
polymeric system, not on the size and shapes of the chains.
Consequently, in the first approximation the effective charge
depends only on the average monomer density F (in volume
Ω), but not explicitly on the molecular weight (N). One may
note that the product of lB and δ, not their individual values,
is the effective Coulomb strength to determine the charge of
the chain in the swollen state. The coil size is then determined
by minimizing F5 with respect to ~l1, using the f from eq 3.1.
Comparison with our numerical results shows that this is a
good approximation for awide range of conditions as long as
the chain is in the swollen state. The adiabatic approxi-
mation, however, progressively fails for lower molecular
weights, higher lB’s and lower δ’s (F5 becomes important

and comparable to F4 in those cases). This formula also
breaks down when the coil-globule transition is app-
roached, as is evident from Figure 2 and Figure 3, where
the dotted curves are the analytical results in the expanded
state for f and ~l1 from eq 3.1.

2. The Collapsed Chain.When a PE chain collapses (~l1e 1,
the Gaussian value) in a poor solvent away from the critical
point, the chain collects most of its counterions reducing the
effective charge and the electrostatic penalty, and the two-
and three-body interaction terms (the second and third terms
in F5, respectively) become the most important in the overall
free energy. In this case, the first four terms (F1- F4) become
independent of f. It has been thoroughly verified numerically
that f in the collapsed globule becomes negligible for all
practical purposes, especially at salt-free conditions in which
the electrostatic repulsion among monomers is very strong.
Thus, we safely employ the quasi-neutral chain approxima-
tion in whichwe assume f= 0 orR=fm, and onlyF5 (with the
fourth term in it being zero) survives. This approxima-
tion breaks down (verified numerically;please see the
figures) progressively closer to the critical point where the
electrostatic interactions between monomers become com-
parable to the excluded volume and steric interactions.
However, away from the critical point ∂F5/∂~l1 = 0, in
conjunction with ~l1 e 1 in the collapsed state, yield the
expansion factor

~l1c ¼ 3

2

� �2=32π

3

w3

jwj
� �2=3

N -1=3

¼ 2:274
w3

jwj
� �2=3

N -1=3 ð3:2Þ

This implies that Rg
2 ∼ Rg

2(θ)~l1
c ∼ Nl0

2N-1/3, or Rg ∼ N1/3,
which is the well-known compact globule limit valid for
neutral chains. Note that w must be negative to have a
collapse (~l1 e 1). Using this value of ~l1

c, we obtain the free
energy of the collapsed globule as

F5

NkBT
jf ¼0 ¼ -

4

9

3

2π

� �3jwj2
w3

ð3:3Þ

3. The Collapse Condition. Now, exactly at collapse, the
binodal (equal chemical potential) states are, respectively,
the f=0 (collapsed) and f 6¼ 0 (expanded). At the collapse
transition, these two states must have the same total equi-
librium free energy. This condition yields, using eq 3.3,

1

NkBT
fðF1 þ F2 þ F4ÞjR¼Rc - ðF1 þ F2 þ F4ÞjR¼ fm

g

þ 4

9

3

2π

� �3ð1- aχ=ð10πtÞÞ2
w3

¼ 0 ð3:4Þ

or

1

NkBT
ðF1 þ F2 þ F4ÞjR¼ Rc -

2~cs
~F
log~cs þ 2~cs

~F
þ fmδ~lB

� �

þ 4

9

3

2π

� �3ð1- aχ=ð10πtÞÞ2
w3

¼ 0 ð3:5Þ

where, Rc satisfies eq 3.1, and the dependency of w on t is
given as w = 1 - aχ/(10πt). Considering the temperature
dependency of the Bjerrum length, ~lB=1/4πt, simultaneous
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solutions of t and Rt from two equations;the inverted form
of eq 3.1, i.e.

tt ¼ δ

4π
log

Rt

ðfm -RtÞf~Fðfm -RtÞ þ ~csg

" #8<
:

9=
;

-1

ð3:6Þ

and eq 3.5;give us the temperature and the effective charge
of the expanded chain at collapse. A comparison between the
approximate results from the above formulas and the nume-
rical results is provided in Figure 4, where the transition
temperature tt (Figure 4a), the degree of ionization at the
transition (Figure 4b), the size of the chain in the expanded
and collapsed states at the transition (Figure 4c) for the
temperature induced collapse, and the transition salt con-
centration ~cs,t for the salt-induced collapse (Figure 4d) are
plotted against the three-body interaction parameter w3. As
is evident, the simplified approximation captures only the
qualitative trend. Nevertheless, since many experimental
variables appear collectively through only one analytical
formula for the effective charge, the approximation carried
out here might be of use in easily predicting the experimental
trends, without having to confront extensive numerical
work.

IV. Conclusions

Wehave used the counterion adsorption theory to describe the
collapse of a single, isolated, and flexible polyelectrolyte chain in

a poor solvent. Careful numerical analysis suggests that a
combination of the entropy of free counterions, adsorption
(Coulomb) energy of bound counterion ion-pairs and chain free
energy plays the key role to determine the charge and size of the
polymer.The local dielectric constant and ionization equilibrium,
and their coupling to chain conformations are accounted for. The
critical point and the full phase boundary for the first-order
coil-globule transition were determined by self-consistent dou-
ble-minimization of the free energy in terms of the size and charge
of the polyelectrolyte chain, both in salt-free and salty solutions.
At low Coulomb strengths the chain remains expanded due to its
substantial charge, which decreases with increasing Coulomb
strength. If the charge is lower than a certain value, collapse
occurs leading to a collection of counterions in the compact
globule. It has alsobeenobserved that a substantially lowvalue of
dielectric constant might allow for a collapse transition of the PE
chain at room temperature without salt. In the presence of salt,
however, collapse can occur in aqueous media (high dielectric
constants) at modest temperatures. The occurrence of the coil
collapse into a globule is accompanied by a discontinuous
reduction in the net charge of the polymer.

As far as experimental verification of these results are con-
cerned, simultaneous measurements of polymer size and ionic
conductivity in dilute solutions as the temperature is varied,
analogous to those at constant temperature with varying solvent
quality, would validate the major concepts presented in this
paper. Furthermore, the main ideas of the phase transitions,
arising from the coupling between counterions and polymer
conformations, presented here are also valid for the volume

Figure 4. Comparison of the approximate (and mostly analytical) scheme for the collapse condition with the numerical result. For the Coulomb-
strength-induced collapse, the reduced temperature, t (a), degree of ionization, f (b), and effective expansion factor, ~l1 (c), at the transition, are plotted
against the three-body interaction parameter w3. For the ionic-strength-induced collapse, the salt concentration, ~cs (d), is plotted against w3. Only the
qualitative trends are capturedby the approximate formulas. Systematic and substantial deviation from the full numerical result are observed for higher
values of w3. Note that the degree of ionization in the collapsed globule is zero (b) in the approximate scheme.
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transitions of polyelectrolyte gels and brushes. New experiments
that will monitor the counterion density inside the gels and
brushes are expected to stimulate a fundamental understanding
of this important class of softmaterials. In light of this theory, the
previous paradigmwhere the phase behavior of gels, brushes, and
polyelectrolyte solutions has been treated with fixed charges
needs to be reworked.
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